NON-EMBEDDABILITY OF GENERAL UNIPOTENT 
DIFFEOMORPHISMS UP TO FORMAL CONJUGACY 



JAVIER RIBON 

Abstract. The formal class of a germ of diffeomorphism tp is embeddable in a 
flow if tp is formally conjugated to the exponential of a germ of vector field. We 
prove that there are complex analytic unipotent germs of diffeomorphisms at 
(C n , 0) (n > 1) whose formal class is non-embeddable. The examples are inside 
a family in which the non-embeddability is of geometrical type. The proof relies 
on the properties of some linear functional operators that we obtain through 
the study of polynomial families of diffeomorphisms via potential theory. 



1. Introduction 

In this paper we prove 

Main Theorem. There exists a unipotent germ of complex analytic diffeomor- 
phism at (C , 0) whose formal class is non-embeddable. 

Denote by Diff (C n , 0) the set of germs of complex analytic diffeomorphisms at 
(C™,0) whereas Drff(C™,0) is the formal completion of Diff (C",0). A "normal 
form" for tp E Diff (C", 0) should be a diffeomorphism formally conjugated to tp but 
somehow simpler. Every tp £ Diff (C n , 0) admits a unique Jordan decomposition 

tp = tp s o tp u = tp u o tp s 

where tp s g Diff (C",0) is semisimple and tp u e Diff (C™,0) is unipotent, that is 
j ll Pu — Id is nilpotent. Then tp s is formally linearizable and has the natural normal 
form j ' tp s - Note that tp u is not formally linearizable unless tp u = Id. Thus, a 
different approach is required to obtain simple models, up to formal conjugacy, for 
unipotent diffeomorphisms. 

A unipotent tp £ Diff (C™,0) is the exponential of a unique formal nilpotent 
vector field X, the so called infinitesimal generator of tp (see [3] and [8]), which 
is geometrically significant even if it diverges in general. We denote X by log^. 
We say that the formal class of tp is embeddable if log tp is formally conjugated to a 
germ of convergent vector field Y . The diffeomorphisms of the form exp(Y~) provide 
continuous models exp(tY) (t £ C) to compare with the discrete dynamics of tp. 

The existence of embeddable elements in the formal class of a diffeomorphism 
has useful implications. For instance, for n = 1, a unipotent tp e Diff (C,0) sat- 
isfies j tp — Id and log tp is always conjugated to a germ of analytic vector field 



1991 Mathematics Subject Classification. 37F75, 32H02, 32A05, 40A05. 

Key words and phrases, holomorphic dynamical systems, diffeomorphisms, champs de 
vecteurs, potential theory. 

The work of the author has been partly financed by Junta de Castilla y Leon, Project VA059A07 
and CNPQ, Project PRONEX-Teoria Geometrica das Equagoes Diferenciais Complexas. 



2 



JAVIER RIBON 




FIGURE 1 . Real picture of the transport mapping 



Y. The normalizing transformation is in general divergent. Anyway, there exist re- 
gions (Fatou petals) where it is the asymptotic development of an analytic mapping 
conjugating exp(y) and ip. This phenomenon provides the basis (see Il'yashenko's 
paper in [4]) to construct the Ecalle-Voronin complete system of analytic invariants 
(Ecallc |2J, Voronin [18], Martinet-Ramis [8], Malgrange [7]). The same strategy 
can be applied in some cases in higher dimension. For instance Voronin [17] clas- 
sifies analytically the unipotent diffeomorphisms in Diff (C 2 ,0) which are formally 
conjugated to a diffeomorphism of the form (x,y + x k ) = exp(x k d/dy) for some 
k £ N. 

In the previous cases the analytic classification relies on the study of the nor- 
malizing transformation to a simpler model. Normalizing transformations are quite 
well understood whereas it is more difficult to describe the possible final mod- 
els up to formal conjugacy and their properties. A good example is provided by 
Birkhoff normal forms attached to analytic Hamiltonian vector fields (see [12], see 
[6j for properties of embeddability of symplectic diffeomorphisms in the flow of an 
analytic Hamiltonian vector field). On the one hand the properties of the normal- 
izing transformations are well-documented. On the other hand the Birkhoff normal 
forms are either always convergent or generically divergent [H] . Nevertheless Perez 
Marco stresses that whether or not there exists a divergent Birkhoff normal form 
is still an open problem. Our Main Theorem claims that examples of unipotent 
diffeomorphisms whose formal class only contains diffeomorphisms with divergent 
infinitesimal generator can be provided. They can be chosen of the form 

fA, w {x, y) = (x + y{y - x)A(x, y),y + y(y- x)w(x, y)). 

Moreover, for this kind of diffeomorphisms the obstruction to the embeddability of 
the formal class is of geometrical type. 

The proof of the Main Theorem is based on the study of the transport mapping. 
Suppose logy a, id is a germ of convergent vector field. Then 

T def 1 

y{y-x) 

is regular, i.e. £a,w(0) ^ 0, and transversal to both y = and y = x. We can define 
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a correspondence Tr a,w associating to each point P in y = the unique point in y = 
x contained in the trajectory of La,w passing through P. This correspondence is the 
transport mapping. Even if log ifA, w is divergent we manage to define Tr a,w', it is a 
formal invariant. We prove the following characterization for the non-embeddability 
of the formal class: 

Proposition 1.1. If the formal class of <pa,w is embeddable then TrA, w is an 
analytic mapping. 

Fix a unit w G C{x,y}, w(0) ^ 0, such that ln<^o,to is not convergent. We claim 
that there exists A in C{x,y}, A(0) = 0, such that Tr a,w diverges. We argue by 
contradiction. Note that Tr a, w can be analytic (for example Tr a,w{x, 0) = (x,x)) 
whereas log ifA, w is divergent. The divergence of Tta, w is even stronger than 
the non-existence of a germ of convergent vector field collincar to logc^A,™- It is 
obtained through a fine analysis of the nature of the family (<^a,«,) a . 

We consider polynomial families on A G C of the form 

<P\a,w(x, y) = {x + Xy(y - x)A(x, y), y + y(y - x)w(x, y)). 

The embeddability of the formal class of (f\A,w for any A G C allows to find a linear 
equation 

e-fo ip 0w = y(y — x)A (homological equation) 

such that ca{x,x) — ca{x,Q) G C{x} for every solution ea € C[[a;,y]]. The proof 
of the convergence of Ia{x^x) — £a(^,0) is based on potential theory techniques. 
The homological equation has a formal solution £a for any A <E C[[x, y]], moreover 
£a{x,x) — ca{x,Q) does not depend on the choice of ca- Then the operator S w : 
C[[x,y\]^C[[x}\ given by 

S W (A) = e A (x,x) - i A (x,Q) 

is linear, well-defined and S w (m x . y ) C C{x} where tn^y C <C{x,y} is the maximal 
ideal. Now it suffices to study a linear operator attached to the dynamically simple 
diffeomorphism ipo. w , in particular xoip w — x will be a key property to prove that 
S w (m Xi y) contains divergent elements. 

The operator S w was defined in terms of a difference equation. We can replace 
the difference equation with a differential equation easier to handle. More precisely 
S W (A) = f(x, x) - f(x, 0) for every solution f e C[[x, y]] of 

(log^o,t«)(r) = -y(y - a;)A. 

Since log(^o,tu diverges and x o ip w = x then logipo, w = wy(y — x)d/dy for some 
divergent w G C[[a;,y]]. The collinearity of \ogipo. w and d/dy, in addition to some 
functional analysis techniques, can be used to prove that the property S w (m x . y ) C 
C{x} implies that w G C{x,y}. Here we have our contradiction. 

We do not describe the nature of the transport mapping, besides the fact that it 
is generically divergent. It would be interesting to know what divergent mappings 
can be obtained as transport mappings of diffeomorphisms of type ifiA,w 

2. Basic facts 

In this section we introduce some well-known facts about diffeomorphisms and 
vector fields for the sake of completeness. 
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We denote by X(C n ,0) the set of germs of complex analytic vector fields at 

G C™. A formal vector field X is a derivation of the ring C[[xi, . . . , x n ]]. We also 
express X in the more conventional form 

3=1 J 

Given X G X(C n , 0) the derivation associated to X restricts to a derivation of the 
ring C{xi, . . . , x„}. Indeed X(g) is the Lie derivative Lxg for any g G C{xi, . . . , x„}. 

We say that a formal vector field X = 53?= i ^jO^i) ■ ■ ■ ,x n )d/dxj where dj £ 
]] for any 1 < j < n is nilpotent if X(0) = and j 1 ^" is nilpotent. We 
denote by Ajv(C™,0) and Ajv(C™,0) the sets of formal nilpotent vector fields and 
germs of nilpotent vector fields respectively. 

Let m be the maximal ideal of C[[xi, . . . , x n ]]. We say that a formal diffeomor- 
phism is an automorphism a : C[[xi, . . . , x n ]] — > C[[xi, . . . , x n \] of C-algebras such 
that <r(m) = rh. Equivalently we can express a in the form 

a = (cr(xi), &(x n )) G C[[xi, x n ]] n 

where j 1 ^ is a linear isomorphism. We denote by Diff (C", 0) and Diff (C", 0) the 
set of formal diffcomorphisms and germs of diffeomorphisms respectively. If j a is 
unipotcnt (i.e. if 1 is the only eigenvalue of j 1 <t) then we say that a is unipotent. 
We denote by Diff u (C n ,0) the set of formal unipotent diffeomorphisms. 

Let X E X(C n ,0); suppose that X is singular at 0. We denote by exp(tX) (for 

1 £ C) the flow of the vector field X, it is the unique solution of the differential 
equation 

-exp(tX) = X(exp(tX)) 

with initial condition exp(OX) = Id. We define the exponential exp(X) of X as 
exp(lX). We define the exponential operator 

exp(A") : C[[xx, . . . ,x n ]] -> C[[xi, . .. ,x n ]] 

9 -» E^ofrCf)- 

for any element X of Afjv(C n ,0). The definitions of exponential coincide if X G 
A7v(C n ,0), i.e. the image of g by the operator exp(X) is g o exp(X) for any g £ 
C{xi, . . . , x n }. Given t £ C the formal flow cxp(tX) is an operator such that 

(1) exp(tX)(g) = M-o?) = E^'ir^ 

for any c/ G C[[xi, . . . , x n ]]. The property 

(2) exp((f + s)X) = exp(tX) o exj>(sX) Vs, t £ C 

follows from equation (TTJ) and the formal identity e t+s — e t e s since tX and sX 
commute. 

The nilpotent character of X implies that the power series exp(X)(g) converges 
in the Krull topology for any g £ C[[xi, . . . , x n ]]. Moreover, since X is a derivation 
then exp(JT) acts as a diffeomorphism, i.e. 

exp(X)(g 1 g 2 ) = exp(X)(g 1 )exp(X)(g 2 ) ^ 91,92 £ C[[x i; . . . ,x„]]. 
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Moreover j 1 exp(X) = expfj^Jf), thus i 7 1 exp(X) is a unipotent linear isomorphism. 
The following proposition is classical. 

Proposition 2.1. (see [3], [5]^ The mapping X i— > exp(lX) maps bijectively 
X N (C n ,0) onto Diff U (C™,0). Moreover, if X £ X N (C n ,0) then exp(tX){g) be- 
longs to C[t] [[xi , . . . , x n ]] for any g £ C[[xi, . . . , x n ]] . 

Consider the inverse mapping log : Diff U (C™, 0) — > Xisr(C n , 0). An element ip of 
Diff u (C",0) dehnes an isomorphism 

ip : C[[xi, . . . ,x n ]] -> C[[xi, . . . ,£„]] 

of C-algebras such that ip(g) — g o p for any g £ C[[xi, . . . , x n ]]. Denote by : 
C[[xi, . . . ,x n }] — > C[[xi, . . . ,iCn]] the operator — Id, i.e. we have 6(g) = ip{g) — 
Id{g) = go ip — g for any g £ C[[xi , . . . , x n ]] . The operator ip — Id is not associated 
to a diffeomorphism. We have 

(3) Qog<p)(g) = (\og(Id + e))(g) = jr(-iy +1 ^ 

for g £ C[[xi, . . . , x n ]]. The series in the right hand side converges in the Krull 
topology since ip is unipotent. Moreover j 1 (\ogtp) = logfj 1 ^) is nilpotent and log ip 
satisfies the Leibnitz rule. We say that log tp is the infinitesimal generator of p. 
Even if ip £ Diff u (C n , 0) fl Diff (C™, 0) in general ip is divergent. 

Consider an ideal I C C[[xi, . . . , x n ]]. We denote by Z(I) the set of formal curves 
7 S (tC[[t]]) n such that h o 7 = for any h £ I. Conversely, for A C (tC[[i]]) n 
we define 1(A) as the set of series h £ C[[xi, . . . , x n ]] such that h o 7 = for any 
7 G A. We have 

Proposition 2.2 (Formal theorem of zeros [16], pages 49-50). Let I be an ideal of 
C[[xi, . . . , x n )]- Then 

i(z{i)) = \Ti. 

Let Y = d(x, y)d/dx + b(x, y)d/dy be a formal vector field. We consider the set 
F(Y) = {g£C[[x,y]] : Y(g) = 0} 

of first integrals of Y. We say that / £ T(Y) is primitive if \J~f does not belong 

to C[[x, y\] for k > 1. If T{Y) 7^ C there exists a primitive formal first integral /; 
moreover we have 

T(Y) = C[[z]] o / 

(Mattei-Moussu [S]), and the primitive first integral can be chosen in C{x,y} if Y 
is a germ of holomorphic vector field. 

We can give an alternative characterization for the first integrals of the infini- 
tesimal generator of a unipotent diffeomorphism. 

Lemma 2.1. Let a £ Diff u (C™, 0) and f £ C[[ii, ... ,x n ]]. Then 

(log O -)(/)=0^/°<7 = /. 

Proof. We have 

(loga) 2 (/) , 



/ o exp(logo-) = / + (logo-)(/) + 



2! 
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Therefore (log c)(/) = implies / o a = f . 

Suppose / o cr = f. Denote by the operator a — Id. We have 0(/) = by 
hypothesis and then J ' (/) = for any j G N. We obtain (logcr)(/) = by equation 
©. □ 

3. Formal conjugacy 

Throughout this paper we work with germs of diffcomorphisms in (C 2 , 0) of the 
form 

<Pa,w(x, y) = (x + y(y - x) A(x, y), y + y{y- x)w(x, y)) 
where w, A £ C{x,y} and w(0,0) ^ = A(0,0). In this section we describe a 
geometrical condition for the formal class of tpA.w not to be embeddable. 
Next, we describe the structure of log^A,uj- 

Definition 3.1. Let va x ^ v and rh x ^ y be the maximal ideals of the rings <C{x,y} and 
C[[x,y]] respectively. 

Lemma 3.1. The formal vector field log (fA,w * s of the form 

( d 
\og<p A ,w = y{y-x) w(0,0)— + h.o.t. 



dy 

where h.o.t stands for a formal vector field whose coefficients belong to va, x>y . 

Proof. We denote by the operator (fA,w — Id. Let I be the ideal (y(y — x)) 
of C[[x, y]]. We denote X — logtpA.w It is clear that 0(C[[x, j/]]) is contained 
in I. Thus A(C[[x, y}]) is contained in I by equation ([3]). Since we have X = 
X{x)d/dx + X(y)d/dy and I C m xy we obtain X(I) C Jro liS . Given g G I we 
have 

0(.g) =x(g + X^ ^-JT^j j e X V + X ^ dl)) = 
Therefore we get 0(7) C X(I) C Im x>y . The equation Q implies 



X(x) = y(y - x)A(x, y) + £ (-1) 



3 

and then 

X(x) G (y(y - x) A(0, 0) + Im x , y ) + 0(7) = y{y - x) A(0, 0) + Jm^. 

Analogously we obtain X(y) — y(y — x)w(0, 0) G -Zm^j,. The lemma is a consequence 
of the equation X = X(x)d/dx + X(y)d/dy. □ 

We denote the formal vector field \ogipA,w/ (y(y — x)) by La, w - 

Lemma 3.2. For any <£a,w & n d g G C[[x]] there exists a unique f in C[[x, y]] sucft 
that (logcpA, w )(f) = and f(x,0) = g(x). 
Proof. By lemma [3~T1 we have that LA, w {y) is a unit. Then 
n \ft\ n ^ d f L A,w(x) df 

(log ^ )(/HOO r^' 

As a consequence there is a unique formal solution of the previous equation fulfilling 
the initial condition f{x, 0) = g{x). □ 
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We want to introduce the formal invariants of ifA,w The first formal invariant 
is the fixed points set Fix(tfA.w)- 

Proposition 3.1. Let ri,r 2 € Diff (C™, 0) and a <E Diff (C™, 0) such that a o n = 
r 2 o (j . TTien we have &{Fix{Ti)) = Fix(t2)- 

An equivalent statement is the following: Let Ij = I(Fix(rj)) for j = 1, 2. Then 
we have / 2 ° & = I\ ■ 

Proof. Let 7 e C[[t]] n n Z(h). We have n o j(t) = j(t); we obtain 

a o n(7(t)) = r 2 o &(*/(t)) =>• r 2 o <7(7(i)) = o"(7(*)). 

Hence cr o 7(f) belongs to Z{l<i) and then &{Z(I\)) C Zijq), By the analogous 
argument applied to cr^ 1 ) we obtain Z{I-i) C a{Z(I\)) and then a{Z{Iij) = Z{1%). 
This is equivalent to I(Z(/ 2 )) o a = I(Z(Ii)). Since I\ and j 2 are radical ideals 
then I2 o a = I\ is a consequence of the formal theorem of zeros. □ 

Remark 3.1. It is not required to use the formal theorem of zeros to prove the pre- 
vious proposition but this proof makes clear that the image by a of a parametrization 
"f(t) of a formal curve contained in Fix(j\) is a parametrization a oj(t) of a formal 
curve contained in Fixfa). 

Definition 3.2. Let a 6 C[[x]]. We define 

v(a) = sup{6 S NU {0} : a £ (x b )}. 

Lemma 3.3. Let fA.w, T & Diff (C 2 , 0) and a € Diff (C 2 , 0) such that a o ifA, w — 
too. Then 

(1) Fix(r) is an analytic set. 

(2) Fix(r) has two irreducible components fi — and / 2 = 0, both of them are 
smooth curves. 

(3) CT*(log<£A,™) = logr. 

(4) j (logr/(/i/2)) is transversal to both f\ = and = 0. 

(5) Let f be a primitive element of T (log <p a, w )- Then f o ct^ 1 ) is a primitive 
element of T (log t). 

(6) /°o'|j 1 2o an d f°&\fc=o are "infective". In other words, if"j(t) is a minimal 
parametrization of fj — we have v{j o er^ 1 ) 07) = 1. 

Proof. Condition (1) is obvious. Conditions (3) and (5) can be deduced of the 
uniqueness of the infinitesimal generator. 

Denote &(x,y) = (ai(x,y),&2(x,y)) and da/dz = (dai/dz,d&2/dz) for z = x 
or z — y. Since by prop. 13.11 we have a(Fix(tpA,w)) — Fix(r) then r has two 
irreducible components f\ = and fa = corresponding respectively to a(y = 0) 
and a(y = x). Moreover 

a(t,0) = (fi-i(t,0),d-a(t,0)) and,7(M) = (ai(t,t),a 2 (t,t)) 

are formal parametrizations of f\ = and / 2 = respectively. Since j l a is a linear 
isomorphism then the vectors 

M (0) .| (0 , 0)md M (0) .|£ (0 ,„ ) + | (0 , 0) 
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are linear independent and then different than (0, 0). An analytic minimal parametriza- 
tion of fi = is of the form a(a(t), 0) for some a £ C[[i\] such that v(a) — 1. We 
obtain 

| ( „,0,|(0„ (0,0). 

Thus /i = is a smooth curve which is tangent at the origin to the line generated 
by (da/dx)(0, 0). Analogously the curve fi = is smooth and tangent at the origin 
to the line generated by (da/dx)(0, 0) + (da /dy)(0, 0). Condition (3) and lemma 
13.11 imply 

logr = [y(y - x)] ° ^ (w(0, 0) (^(0, 0)|- + ^(0, 0)|^ + h.o.A 

where h.o.t stands for a formal vector field whose coefficients belong to xh XlV . The 
power series [y(y — x)] o a~ l is of the form /1/2U where it is a unit of C[[x, y]]. We 
have 

n / log r \ , . , , / d&i , , d d&2 , „ d 

f \jk ) = " (0 ' ° w °' 0) l^ (0 ' 0) ^ + ^ (0 ' 0) ^ 

We obtain condition (4) since the vectors 

|(0,0), 11(0,0) andg(0,0) + |(0,0) 

are pairwise non-collinear. 

Condition (6) is equivalent to prove that v(f(x,0)) = v(f(x,x)) — 1 for every 
primitive / in ^(log tpA.w)- We can suppose that f(x,0) = x since then / is 
primitive and the set of primitive elements of J- (log (fA,w) is Diff (C,0) o /. The 
relation L&_ w (f) — implies j 1 f = x. Therefore v(f(x,0)) = v(f(x,x)) = 1. □ 

Consider a couple (S, g) where S is a germ of analytic set and g is a function 
on S. We typically consider a couple (7, | Jac <pA,w\\-y) where 7 is a germ of curve 
contained in Fix((pA,w) and | Jac tpA,w\ is the determinant of the jacobian matrix. 
We denote Ja.w — \Jac <pa,w\ and J T — \Jac t\. 

Proposition 3.2. The couples 

(y = 0, (Ja,w)\ v=0 ) and (y = x, (JA,w)\ y=x ) 

are formal invariants of if a. w 

Proof. Suppose a o (fA, w = t o a for r e Diff (C 2 , 0) and a € Diff (C 2 , 0). We have 

(Ja ° <PA,w)JA,w = (Jt ° 0-)Js 

by the chain rule. Let j(t) € (tC{t}) 2 be a parametrization of cither y — or 
y = x. We have ifA,w l(t) = l(t)] that implies 

Ja, w o 7 (t) = J T o (a o 7 (i)) 

as we wanted to prove. □ 

Definition 3.3. We define TrA,w '■ (y = 0) — > (y = x) as i/ie unique formal 
mapping such that }a,w Tr a,w = /a,m> where J'a.w *s a primitive formal first 
integral of log ip a, w By condition (6) in lemma COI we have that fA,w(x,0) and 
fA,w(x,x) belong to Diff (C,0). As a consequence 

TrA, w (x,0) — ((fA,w(x,x))^ } o fA,w(x, 0), (fA,w(x, x)) ( ~* o /a,w(x, 0)) 
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is the expression ofTrA,w in coordinates. The mapping Tr a,w does not depend on 
the choice of Ja,w We call Tr a,w the transport mapping. If log<£>A,«j is a germ 
of vector field then TrA,w(x,0) is the only point in y = x contained in the same 
trajectory of La, to than (a;,0). 

Proposition 3.3. The transport mapping Tr^ lW associated to a diffeomorphism 
(fA.w is a formal invariant. 

Suppose a o ifA.w = t o a for r £ Diff (C 2 , 0) and a £ Diff (C 2 , 0). In general 
the mapping r is not necessarily of the form tpA',w r , it is necessary to explain what 
we mean by the transport mapping of r. By proposition 13.11 the formal curves 
7i = &(y = 0) and 72 = o(y ~ x) are in fact analytic. We define Tr T : 71 — > 72 as 
the unique formal mapping such that g o Tr T — g for every primitive g in .F(log r) . 
Then Tr T is well-defined by lemma [ 



Proof. We keep the notations in the previous paragraph. We want to prove the 
equality {Tr T o a){x, 0) = {aoTrA,w){x, 0). We choose a primitive /a, w £ -^(log (fiA,w)', 
the series g = /a,™ e^ -1 ) is a primitive element of ^(logr) (lemma 13.31) . Since 
/a,mi(^, 0) = fA,w{TrA, w {x, 0)) by definition of TrA,w then we obtain 

(/a,™ ° £ (_1) )(<Hz, 0)) = (f A , w o &(-V)(a(TrA, w (x> «)))■ 
The definition of Tr T implies Tr T (<j(x, 0)) = &(TrA,w{x, 0)) as we wanted to prove. 

□ 

Definition 3.4. The formal class of a unipotent diffeomorphism r is embeddable 
if log r is formally conjugated to a convergent germ of vector field. 

Next we introduce an obstruction to the embeddability of a formal class. 

Proposition 3.4. Suppose that there exist X £ Xn(C 2 ,0) and a in Diff (C 2 ,0) 
such that a o ifA,w — exp(X) o a . Then Tta,w is a convergent mapping. 

Proof. The transport mapping JYa,w maps y = to y = x, thus it satisfies 
TrA, w { x i 0) = (ci(x),a(x)) for some a £ C[[x]]. It suffices to prove that a be- 
longs to C{x}. The transport mapping is a formal invariant (prop. I3.3p . hence we 
have a o Tr& lW (x, 0) = Tr exp rx) o 17(2;, 0). The previous equation implies 

a(x) = (a(x, x))- 1 o Tr cxp{x} o a(x, 0). 

Since Tr exp (x) is convergent then it suffices to prove that cr{x, 0) and o{x, x) belong 
to C{x} 2 . 

We have Ja.w = 1 + (2y — x)w(0, 0) + /i.o.i. Therefore the function (Ja,ki)| b= o 
is injective. Consider a convergent minimal parametrization of = 0); 
there exists h £ Diff (C, 0) such that a(x, 0) = 77 o Since i7 exp (x) <7(a;, 0) = 

Ja, w (x,0) then 

As a consequence 

& - W= XP (X) o T}{x) - o (J AlW (x,0) - 1) 

belongs to Diff (C, 0). That implies a(x, 0) = rj o h £ C{a;} 2 . The proof for a(x, x) 
is analogous. □ 
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Remark 3.2. In order to find a unipotent diffeomorphism whose formal class is 
non-embeddable it suffices to exhibit ifA,w such that Tta,w is divergent. 

Remark 3.3. We do not prove it in this paper but a diffeoTuorphisTR (p/s.,w 

such 

that TrA, w is an analytic mapping has embeddable formal class. In particular a 
diffeomorphism tpo lW — (x,y + y(y — x)w(x,y)) has embeddable formal class. 



4. Polynomial families 

Consider the family 

f\A.w = (x + Xy(y - x)A(x, y), y + y{y~ x)w(x, y)) 

where w(0, 0) ^ = A(0, 0) and A e C. It is affine on A. We denote by f\ the only 
element of ^(log tp\A,w) such that f\{x,0) = x. The transport mapping Tr\A, w 
satisfies 

Tr X A,w(x, 0) = ((f\(x,x)) ( ) o f x (x, 0), (f\(x,x)) ( ) o f\(x,0)) 

and then Tr\A,w(x, 0) = ((f\(x,x)) , (f\(x,x))^ ^). As a consequence Tr\A,w 
is convergent if and only if f\(x,x) € C{x}. 

Lemma 4.1. We have 

where a 3 k , G C[A] for all k,l > and j G {1, 2}. 

Proof. Denote X\ — logip\A,w- Denote by Q\ the operator tp\A,w — Id for A G C. 
Given j > consider an element g of (y(y — a;))m^ y . The series g belongs to th^.+ 2 ; 
we obtain 

X x (g) = *a(z)|§ + j| G - ^))mi+ 2 " 1 = - x))^ 1 

by lemma |3~T1 for any A G C. We iterate the argument to get 

(4) X k x ((y(y - x))mi >v ) C (y(y - x))xn{ + y k 

for all j,k > and A G C. Moreover, since Q\(g) = YlkLi X\(g)/j\ the equation 
dU) implies @\{(y(y — x))m^. y ) c (y(y — x))mi+y for any A € C. We obtain 

(5) e{((y(y - x))mi v ) C (y(y - x))mi+ k 

for all j > 0, k > 1 and A G C. The series 6a(s) belongs to (y(y — a;)), thus the 
equation (0) implies Q x (g) = Q^ 1 (0\(g)) G — x))^" 1 for all g G C[[x, y]], 
j > 1 and A G C. Since X A (ff) = E^-l^e^/j then 



Ofc ;(A) - ^ ^ [e % " X))] (0, 0)- 

M v ; kill j dx k dy l K ' 



An analogous expression is obtained for af ; for all k, I > 0. It suffices to prove that 
6a(C[A][[x,?/]]) C C[A][[x, j/]]; then and a 2 z are finite sums of polynomials for 
all k,l > 0. 
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Given h = J2k.i>o hk,i(X)x k y l £ C[A][[x,y]] we have 
Q x (h) = Y, h k<l (X)Q x (x k y l ) 

k,l>0 

and then 

(6) Q x (h) = J2 h k ,i(X)[(x + y(y - x)XA) k (y + y(y - x)w) 1 - x k y 1 ]. 

k,l>0 

Since Q\(x k y l ) £ tn^' for all k,l > and A £ C then the series (O converges in 
the Krull topology to an element of C[A][[x, y]]. □ 

Proposition 4.1. Let fx be the unique formal first integral of log tp\A,w such that 
f\(x,0) = x. Then f\ can be expressed in the form 

j+k>i 

where f^ k £ C[A] and deg fj.k < j + k for any j + k > 1. 

Proof. Let ra be the ideal (x,y) of the ring C [A] [[x, y]]. The property (log <f\A,w) (fx) '- 
is equivalent to L\A, w (f\) = 0. We denote 

Lxa.w = a(X,x,y)d/dx + b(X,x,y)d/dy. 

Then a and b belong to C[A][[x, y]] by lemma |4~T1 Moreover, we have a £ m and 
b(A, 0, 0) = w(0, 0) by lemma I5TT1 The series b is of the form w(0, 0)(1 — bo) where 
bo £ m. Hence we obtain 

Since b J Q £ for any j > then converges in the Krull topology to 

an element of C[A][[x, y]]. Denote c = — aw(0, 0) _1 (^°^ b J Q ). Then c belongs to 
C[A][[x, y]] n m. The series c can be expressed in the form J2j=o C J ; (^' x )v* wnere 



Cj £ C[A][[x]] for any j > 0. Moreover Co belongs to the ideal (x) of C[A][[ 
Denote f\ = J2^Lo fj(^' x ) y ^ ■ We have / = x by choice. We obtain 



x 



(8) YjfAX-.rur- 1 = £>(A,xV) ^ 

3=1 3=0 \j=0 



fj(M y3 



by developing equation ([7]). By comparing the coefficients of y° in both sides of 
equation ([Sj) we obtain /i = c (dfo/dx) = cq £ (x) C C[A][[x]]. Suppose that 
fo, . . . , fk belong to C[A][[x]] for some k > 0. Since 

k 

(k+l)f k+1 =J2 c j(dfk-j/dx) 

3=0 

then fk+i belongs to C[A][[x]]. We deduce that fj belongs to C[A][[x]] for any j > 
by induction. Therefore f\ belongs to C[A][[x,y]] and it can be expressed in the 
form x + y J2j+k>o fj,k(X)x i y k where f jik £ C[A] for all j, k > 0. Moreover / 0)0 is 
identically zero since /i(A, 0) = 0. 
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Consider 

y ° <Pa/\,w ° (Ax, Ay). 

We have 

ta,w,\( x > V) = ( x + V(y - x)A(\x, Ay), y + Xy(y - x)w(Xx, Ay)). 
We can proceed as in lemma 13.11 to prove 

( d 

\ogr A . w ^(x,y) = Xy(y - x) u>(0,0) — + h.o.t. 



dy 

There is an analogue of lemma [4~T1 for logTA.to,A/(Ay(y — x)). Again such an ex- 
pression can be used to prove that the unique first integral 

9\=x + y ^2 '/a; A hrV 

j+k>i 

of logTA,u,,A such that <?a(x,0) = x satisfies g^k & C[A] for any j + k > 1. The 
relation between ipxA,w and ta, w ,x implies 

fi/\(Xx,Xy) = Xg x (x,y). 

We obtain A/ Jj fe(l/A)A- 3+fc = Xgj_k{X) for any j + k > 1. Since fj^ and g^k are 
polynomials we deduce that fj^ is a polynomial of degree at most j + k for any 
j + k>l. □ 

We have f\(x,x) = x + J2j+k>i fj,k(X)x : ' +k+1 . Next result is crucial. 

Proposition 4.2 (PHOTO]). Let P = Ej>o P i where P J e C I A ] and de S p j < 
Aj + B for some A, B G K and any j € N. TTien either P(X, x) is convergent in a 
neighborhood of x = or -P(A) G C[[x]] \ C{x} /or any A € C outside a polar set. 

The series -P(A, x) is convergent in a neighborhood of x = if there exists 
a neighborhood V of x = in C 2 and a function P holomorphic in V such that 
P(A, x) is the power series development of P. This property implies P(X, x) G C{x} 
for any A € C. The reciprocal is false if we drop the condition on the linear growth 
of deg Pj . 

A polar set (see |13| ) has measure zero as well as Haussdorff dimension zero. 
Moreover, it is totally disconnected. 

Corollary 4.1. Fix A £ m x ,y and w € C{x,y} with w(0, 0) ^ 0. Either (A, x) i— > 
TrAA.uj(x) is convergent in a neighborhood of x = or x i— > Tr aa,™(x) is divergent 
for any A G C outside a polar set. 

Proposition 4.3. Let w G C{x,y} \ m x . y and A G tn^y (see def. \3.1\) . Suppose 
that the formal class of (p\A, w is embeddable for any A G C. Then the equation 

e — e o (po. w = y(y — x)A(x, y) (homological equation) 

has a solution Ia € C[[x,y]] such that €a(x,x) — ca(x,0) G C{x}. 

Proof. Let f\ be the first integral of log</?AA,uj such that /a(x,0) = x. It satisfies 
/a ° (fixA.w = fx for any A G C by lemma [2TTI We obtain 



9{fx ° lAA.w) _ <9/a 

dX |a=o <9A |a=o 



NON EMBEDDABILITY OF UNIPOTENT DIFFEOMORPHISMS 



13 



Since fa — x then 

y(y-x)A(x,y) + ( ^ ) o ip w = ^ 

\ cm |a=o y cm |a=o 

We define e&{x,y) = (df\/dX)(0,x,y). We have €a(x, 0) = by definition of /a- 
The corollary 14 . 1 1 and proposition 13.41 imply that (A, a;) i— * f\(x,x) is convergent in 
a neighborhood of (A, x) = (0,0). Therefore ca(x,x) £ C{x} and then ca(x, x) — 
e A {x,0) eC{x}. □ 

Note that in this section wc related. tli6 6xistencc of 8- diffcomorpliism (pA,w 

with 

A ^ and no embeddable formal class with the properties of (fio. w (which by the 
way has embeddable formal class). 

The rest of the paper is devoted to prove the existence of a homological equation 
such that e(x, x) — e(x, 0) diverges for any formal solution e(x, y). 

5. The homological equation 

The main result in this section is proving that the homological equation can be 
replaced by a differential equation. 

Lemma 5.1. log^o.w is of the form y(y — x)(w(0,0) + h.o.t.)d/dy. 

Proof. By lemma UTTl log (pn „, is of the form 

y(y - x)(a(x, y)d/dx + b(x, y)d/dy) 

where a, b S C[[x, y]], a(0, 0) = and b(0, 0) = w(0, 0). It suffices to prove that a = 
or equivalently (log(po. w )(x) = 0. Since xo(p w = x then we have (logipo. w )(x) = 
by lemma HOI □ 

Lemma 5.2. The equation e — e o Lfa, w — y{y — x) A(x, y) has a solution 6 = ^6 
C[[x,y]] for any A € C[[x,y]]. 

Proof. We define 9(A) = sup-jj eNU {0} : A S m^} for A e C[[x, y]]. We define 
A = A. Consider the equation 

(9) (log po,«, )(eo) = -y(y - x)A . 

Since Lq^ w is non-singular at (0,0) there exists a solution ?o € C[[x,y]] such that 
£(eo) > ^(Ao) + 1. We consider 

(10) (e + ei) - (e + e x ) o (/j ,™ = y(y - x)A . 

A solution ei G C[[x, y]] of equation (|10|) provides a solution of the original equation. 
By plugging the equation © in the development of the exponential Iq ° ifo.w = 
?o + S^li (1°S Vo,iij)' : '(^o)/i! w e obtain 

/ \ a , 0°g ^w)^ 1 {-y{y- x) A ) 

eo ° ¥>0,™ = eo - 2/(2/ - x)A + 2^ q ■ 

As a consequence the equation (fTU|) is equivalent to 



= TTf (loS¥'o,tu)' s 1 (-2/(2/-a;)Ao(x,y)). 



ei - ei o cp 0>w ^ 

k>2 

We denote the term in the right-hand side by y(y — x)A±. The series Ai satisfies 
i'(Ai) > £(Ao) + 1. We have eo — eg o tp 0yW = y(y — x)(A — Ai) by construction. 
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We proceed by induction. Given Aj £ C[[x,y]} there exists lj G C[[x, y\] such that 
(log <po, w )(£j) = —y{y — x)Aj and v(£j) > v(Aj) + 1. As previously we define 

y(y-x)A j+1 = ^ ^ (log ^o,™)^ 1 (-2/(2/ - x)A j (x,y)). 

k>2 

We obtain v(Aj + i) > v(Aj) + 1 for any j > 0. The construction implies that 
lj - ej o ip w = y(y - x)(Aj - A j+ i) and then 

(11) (e + . . . + ej) - (e + • •• + ?j) ° <Po,w = y(y - x)(A - A j+1 ) 

for any j G N U {0}. Since i>(A j+ i) > v(Aj) + 1 for j > then v{Aj) > j and 
> J + 1 for any j > 0. The series A — A J+ i converges to A in the Krull 
topology when j — » 00. Analogously X)fe=o converges in the Krull topology to 
some ca G C[[x,2/]] when j — ► 00. By taking limits in equation (llip when j — * 00 
we obtain ea — £A ¥?o,u> = 2/(2/ ~ x)A. □ 

Lemma 5.3. Fix A G C[[x, y]]. The series ca(x,x) — £a(x, 0) does not depend on 
the solution ca G C[[x, y]] 0/ e — e o i^o.tu = 2/(2/ — x)A(x, y). 

Proof. It suffices to prove e(x, x) — e(x,0) = for any solution e in C[[x, y]] of 
e — eoip 0jW = 0. The series e belongs to .F(log ipo. w ) by lemma |2~T1 Moreover, lemma 
IS.ll implies de/dy = 0. Hence e belongs to C[[x]] and clearly e(x, x) — e(x, 0) = 0. □ 

Given A G C[[x,y]] and a solution £a G C[[x, y]] of the equation 

£-eo ip 0tW = y(y - x)A(x, y) 

we define S W (A) = 6a(x,x) — £a(x,0). The lemmas [5.21 and [ 5.31 imply that S w : 
C[[x, y]] — > C[[x]] is a well-defined linear functional. Proposition 14.31 implies that if 
(fA,w has embeddable formal class for any A G vn x>y then S w (xn x>y ) G C{x}. 

Lemma 5.4. Let w G <C{x,y} \ m XiV . Then we have 

S w (^^[y(y-x)A(x,y)}) =0 

\y\y-x) J 

for any A G C[[x,y]]. 

Proof. Let e G C[[x, y]] be a solution of e — e o ip Q w = y(y — x)A(x, y). Let t G C. 
By pre-composing the previous equation with exp(t hnpo :W ) we obtain 

e o exp(tln^ ,w) - £o ° <^o,u; exp(*ln<po,u>) = [y{y - x)A] o exp(tlny>o,«))< 

Denote e t = eo o exp(i In 950,10)- The formal diffeomorphisms <^o,iu and exp(ilny>o.i«) 
commute for any t G C (see equation ([2]) in section [2]). Thus e< satisfies the equation 

e t -e t o ip 0<w = [y(y - x)A(x, y)] o exp(t In ip 0tW ) 

for any t 6 C. Moreover, we have 

e o exp(thi(po,w)(x,x) ~ i ° exp(tln^ o ,w)(x,0) = e (x,x) -e (x,0). 

That implies 

o f [2/(2/ ~ x) A(x, ;/)] o expft In (p 0yW ) - [y(y - x) A(x, y)] 

™ V ty(y - x) 

for any t G C* . By taking the limit at f = we obtain the thesis of the lemma. □ 
Next we replace our difference equation with a differential equation. 
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Proposition 5.1. Let w € C{x,y} \ m x . y and A G C[[x,y]]. Consider a solution 
Ta 0/ (log v5o,uj)(r) = — y(y — x)A. Then we have 

S w {A)=t A (x,x)-T A (x,0). 

Proof. We define II € C[[x,y]] such that 

y(y -x)n = ^ . 

k>2 fc ' 

The definition is correct since the right hand side belongs to the ideal (y(y — x)) of 
C[[x,y}}. By using f A ° <fo,w = f a + E^li^og^o,™) 3 (f A )/j\ and (logv? ,™)(f a) = 
— y(y — x)A we obtain 

f a - f A o ip ^ w = y(y - x)A + (log ip . w ){y{y - x)II). 

Consider a solution ca S C[[x,?/]] of e—eoip w = y{y—x)A{x,y). Then a — Ta — ca 
is a solution of 

a - a o ^o,«, = y(y - x)— [y(y - x)ll . 

y{y-x) 

The right hand side is a formal power series. We obtain 

(f a - ca)(x,x) - (f A - e A )(x,0) = 
by lemma [5^1 □ 

Corollary 5.1. Suppose \ogipo,w S AV('C 2 ,0 / ). TTien S w (C{x,y}) is contained in 
C{x}. 

Remark 5.1. Given logt^o,™ € A"zvYC 2 ,0,) £/iere zs no a convergent solution e A of 
the equation i — to ip w = y(y — x) A(x, y) for general A 6 C{x, y}. The divergence 
of S W (A) is a stronger property than the divergence of every e A . 

6. The induced differential equation 

Let v G C[[x, y]]. Let D v : C{x,y} — > C[[x]] be the operator defined by D V {H) = 
£h(x,x) — e#(x,0) where in € C[[x,y]] is a solution of the equation de/dy = vH. 
The definition of D V (H) does not depend on the choice of Ih- This section is 
devoted to prove 

Proposition 6.1. Let v £ C[[x,y]]. If D v (C{x,y}) C C{x} then v belongs to 
C{x,y}. 

Fix e,S > 0. We define the Banach space B e j whose elements are the series 
H = £o : ,j, 1 1. ,J. ■>■'!/'■ € C[[x,y]] such that 

\\H\\ e , s = \H,.kWS k <+^. 

0<j,k 

We have B e s C C{x, y}. Moreover, a function H E B e ,s is holomorphic in B(0, e) x 
5(0,(5) and continuous in B(0, e) x B(0,5). Given v in C[[x,y]] we can define for 
j > 1 the linear functionals D 3 V : B t g — ► C such that 

D v (H)=Y, D H H > j 

for any if G -Be, 5- 
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Lemma 6.1. Let v € C[[x, y]]. Then D 3 V : B tt g —> C is a continuous linear func- 
tional for any j G N. 

Proof. We denote if = Y<o<k,i H k,i(H)x k y l . Denote v = Y Ja ,b>o v ^,bX a y b ■ A solu- 
tion of 

Y= vH = E v a , b H ktl (H)x a+k y b+l 

a,b,k,l>0 

is obtained by making e = J2 a b k ;>o(^ + ^ + ^) lv a, b Hk,i{H)x a+k y b+l+1 . Hence we 
have 



Dfm- \" v a,bHk,l(H) g+k+b+l+l 

Uv{n)- 2^ b + i + 1 x 



J + 1 

a,b,k.l>0 



and then 



fc+Z<j Vo+6=j-fc-I-l / 

It suffices to prove that iffc,; : B e j — > C is a continuous functional for all < 
fc, Z. Since \H k j(H)\e k 5 l < '||ff|| e ,5 for any if € B e . 5 then we obtain = 
sup{\H kt i(H)\ :HeB e>s with ||ff|| ei4 < 1} < e' k S~ l . □ 

Lemma 6.2. Let v € C[[x,y]]. Consider the operators D 3 V : B e $ — > C /or j 6 N. 



Either limsup^^ y ||-D«|| < +oo or D V (H) £ C{x} for any H in a dense subset 
ofB^s- 



Proof. Suppose limsup^^ y ||.D„|| = +oo. We choose a sequence (a,-) of positive 
numbers such that <Zj — > oo and 



lim sup — = +oo. 

j — > oc Otj 

Hence limsup,^^ ||Dj/aj|| = +oo. We deduce that 

lim sup |Dj(if)|/a^ = +oo 

j—toa 

for any if in a dense subset _E of -B £j( 5 by the uniform boundedness principle. More- 
over, since 



lim sup y \Di(H)\ > lim inf a,j = +oo 



then A, (if) & C{x} for any if e □ 

Proposition 6.2. Considerv £ C[[x,y]] and D v : _B C( 5 — > C[[x]]. Suppose D V (B C: $) C 
C{x}. TTien t/iere exists r) et $ > suc/i f/ia£ D V (H) belongs to O(B(0,rj e ^)) for any 

if € -B e 5. 



Proof. There exists 77^,5 > such that lim sup y ||Z>^|| < l/?? e ,a by lemma [672 
As a consequence 



lim sup y\Di(H)\ < lim sup if \\Dl\W \\H\\ e , s < l/r) e ,6- 
That implies that A, (if) € 0(5(0, ry^)) for any if e B e>5 . □ 
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Proof of prop. \6.1\ Consider the functionals D v : B\ y \ — > C[[x]] and : 51,1 — * C 
for any j > 1. Since D v (Bi : i) C C{a;} then there exists C > 1 such that < 
for any j > 1 by lemma W% We denote v = J2o<a b v a.bX a y b . We have 

f i(i) = «b,o =*• Kol < ||i?iiii|i||i,i<c. 

We want to estimate Vf.,o, Ufe-i,i, 
for r € N. The equation de/dy 

v a ,bX a y' 



«o,fc for any > 0. Let us calculate D v (y r x ) 
1 = Ea,6>o w a,ta; a y b+I ' _1 has a solution 



e = J2a,b>o( b + r)- 1 v a . h x a y b+r . We deduce that 



D v (y r 



a,b>0 



In particular D k+r {y r = J2a+b=k v a,b/(b + r) = ^6=0 v k~b,b/{b 
r £ N. We obtain 



for any 



Hub* 



/ Wfc,0 ^ 


/ 






V w 0,fc / 


V 



V D 2 v k+1 {y k ) ) 



where Hilb fe is the (fc + 1) x (k + 1) Hilbert matrix; this is a real symmetric matrix 
such that Hilb* b = l/(o + 6 - 1) for 1 < a, b < k + 1. Moreover Hilb* is positive 
definite and following [5] we obtain that 

IKHiibT 1 ! 



,Ak 



(l+o(l)) 



is the spectral norm. 



where K = (8tt 3 / 2 2 3 / 4 )/(1 + y/2) , p = 1 + V2 and 
We have < ||£>£ +i+1 ||||2/*||i,i < C k+l+1 . As a consequence we obtain 

„4fc _ 

lC 2fe+1 (l + o(l)). 



• ,«0,fc 2 < 



where |b fc n, 



i^o.fclb is the euclidean norm. Then 



4(/+m) 



< 



Vl + m+lC^ l+m)+1 (1 + o(l)) 



K\/T+ m 

forO< Z, m where limj+m^oo o(l) = 0. We deduce that v belongs to O(B(0, l/(p 4 C 2 )) x 
B(0,1/( P 4 C 2 ))). 



□ 



7. End of the proof of the Main Theorem 

The following proposition will imply the Main Theorem. 

Proposition 7.1. Let w G <C{x,y}\m x ^ y . Suppose thatlog(fo, w is not convergent. 
Then there exists A £ vrix,y such that ifA,w has non-embeddable formal class. 



Proof. Suppose the result is false. Hence S w (m x , y ) C C{x} by proposition! 
Let w € C[[x, y\] be the unit such that Lo tW = w(x,y)d/dy (see lemma [5T}. By 
hypothesis w is a divergent power series. By proposition 15.11 the series Ta(x, x) — 
rA(a;,0) belongs to <C{x} for any solution Ta € C[[x, y]] of 

df_ A(x,y) 
dy w(x,y) 
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and any A € m x ,y Since D_ x /^(C{x, y}) C C{x} then —x/w belongs to C{x,y} 
by proposition 16. II We deduce that w G C{x,y}; that is a contradiction. □ 

To end the proof of the Main Theorem it suffices to exhibit an example of a 
diffeomorphism ipo. w such that log^o,™ is divergent by proposition 17. II 

If io(0, y) G 0(C) then (y°(po, w )(0> V) is an entire function different than y. Then 
(log <po, w) \ x - is divergent (see [I]). Therefore logipo.w is divergent. In particular 
we can choose w = 1. 

8. Remarks and generalizations 

In our approach a unipotent r G Diff (C™, 0) has embeddable formal class if logr 
is formally conjugated to a germ of convergent vector field. This is a strong concept 
of embeddability. There is an alternative definition: We say that the formal class 
of t G Diff (C",0) is weakly embeddable if there exists a germ of vector field Y 
vanishing at whose exponential is formally conjugated to r. This definition is 
suppler but not so geometrically significant. For instance Id — exp(0) G Diff (C,0) 
is the exponential of every germ of vector field whose first jet is 2irizd/dz. It is 
natural to restrict our study to the strong case. Anyway, in the family ((pA,w) the 
strong and weak concepts of embeddability for formal classes coincide. Hence the 
formal class of a general (fA,w is non-weakly embeddable. 

There exists fA ,w whose formal class is non-embeddable. That is the generic 
situation. Consider the set 

E = {ip A , w : A S m x>y and w(0,0) = 1} C Diff „(C 2 , 0). 

For every ifA,w there exists /i G C* such that (x/fi,y//i) o ip a,w (px,ny) is in 
E. Then to study the embeddability of formal classes in the family ((fA,w) we can 
restrict ourselves to E. In particular we can suppose (pA a .w a € E. The set E is an 
affine space whose underlying vector space is tn XiJ( x tn XiJ( . Then E is the union of 
the complex lines 

La,B ■ A H- ► (fiA +\A,w +\B- 

where A, B G xn x . y . By arguing like in section|4]and applying proposition l4.2l we can 
prove that for any line La,b through tfA ,w the transport mapping is divergent 
outside of a polar set. The non-embeddability of the formal class is clearly the 
generic situation in E. 

Consider A,w such that ipA,w has non-embeddable formal class. We define 

Pa,w = ( z i + z 2(z 2 - z 1 )A(z 1 ,z 2 ),z 2 + z 2 (z 2 - zi)w(zi,z 2 ), z 3 , . . . ,z n ). 

Then ip A w G Diff u (C n ,0) n Diff (C™,0) has non-embeddable formal class for any 
n > 2. Hence there are unipotent germs of diffeomorphisms with non-embeddable 
formal class for any dimension greater than 1. 
Let / G vcv x ^y. Consider the family 

f f A,w = ( x + f( x ' y) A (x> y), y + f(x, y)w(x, yj) 

where A(0,0) = ^ w(0,0). The choice / = y(y — x) is by no means special. 
We can choose / such that its decomposition a;™/" 1 . . . fp p in irreducible factors 
satisfies . . . / P )(0, y)) > 1. This condition means that in a suitable domain 

tt({/ = 0} n {a; = c}) > 1 for any c ^ in a neighborhood of 0. It is the condition 
we need to define an analogue of the transport mapping. Fix w such that In cp$ w 
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is divergent; we can adapt the results in this paper to prove that there exists ip A w 
with non-embeddable formal class for some A € m x .y The two main difficulties in 
the proof are: 

• The formal invariants are slightly more complicated [15] [14]. This phe- 
nomenon is isolated in the example / = y a °(y — x) ai for a 3 e N. If <Xj > 1 
the function \Jac u;{ .J, is identically equal to 1, it is a trivial formal 

invariant. Anyway, there are always non-constant functions on y = and 
y — x which are formal invariants. This is crucial to prove proposition 13.41 
since otherwise we can not claim that the action of a formal conjugation 
on a fixed points curve is convergent. The rest of the proof is basically the 
same. 

• The technical details in the proofs are in general trickier. That is the 
situation if the curve / = is complicated, for instance if its components 
are singular. Anyway, the proof basically follows the same lines. The 
additions are intended to make the strategy in this paper work. We chose 
the case / = y(y — x) because the presentation is clearer but it contains all 
the main ideas. 
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